In this work we solved the one-dimensional Ginzburg-Landau equations (GLEqs), using the Lattice-Boltzmann (LB) method, and using the d1q3 velocity scheme. The approach is based on the construction of two nonlinear reaction diffusion equations, whose nonlinear terms were introduced as a source terms in the LB equations. We use a definition of the equilibrium Boltzmann distribution functions chosen suitable to generate GLEqs. Also, we find several families of solitary wave solutions, using He's semi-inverse method. Colliding such solitary wave profiles, the Lattice-Boltzmann method reveals the characteristic like-soliton behaviour.
Introduction
A century ago, Kamerlingh-Onnes experimentally observed superconductivity, [1] . If a metal is cooled below a critical temperature, its electrical resistivity vanished, [2] . Till 1950, Ginzburg and Landau (GL) [3] worked out on a phenomenological theory describing experimental superconductors. Years later, 1957, Bardeen-Copper-Scheafer (BCS) [4] constructed a fundamental theory of superconductivity and Gorkov shows that GL can be generates from the BCS theory [5] . On the other hand, Lattice-Boltzmann (LB), is a very important technique used in fluid flow simulation and modeling complex flows in fluid dynamics [6] till Quantum lattice-gas models [7] . One of the most commonly approaches used to particular realizations of the LB technique is called BGK approximation (Bhatnagar-Gross-Krook) [8] , which relies on suitable way of the collision term of the Boltzmann equation. This article addresses the solution of the time-dependent Ginzburg-Landau equation in one dimension using the Lattice-Boltzmann technique with BGK approximation, [8] . This work is organized as follows. Section 2, presents a suitable Lattice-Boltzmann equation applied to GLEqs, [9] . In section 3, we deduce the moments of the distribution functions proper for GLEqs. Section 4, derives the time-dependent Ginzburg-Landau equations. For section 5, we obtain the apropiate equilibrium distribution functions that generates the solution of GLEqs. In section 6, we present results and section 7 conclude.
The lattice Boltzmann model
The lattice Boltzmann equation is given by:
Where the subindex j accounts for the number of vectors in the vector velocity basis, in our case d1q3, and l the number of distribution functions used to solve the system. The term Ω j,l (x, t)) represents the B.G.K. approximation, [8] , and ω j,l (x, t) the source term.
Where f j,l (x, t) is the distribution function for particles with velocity v j,l at position x and time t, and ∆t is the time step. The equilibrium distribution is given by f eq j,l (x, t) and τ is the nondimensional relaxation time, that measures the approaching rate to the equilibrium. When ω j,l (x, t) = 0, we get the standard version of the lattice-Boltzmann equation. Using a unit time given by = δt/e, where e is the velocity discretized on a mesh, then the latticeBoltzmann equation is:
Expanding in a Taylor series, the distribution functions, up to order third, we have:
Doing a perturbative expansion of the derivatives in time in powers of , we get:
And assuming:
Where the temporal scales are defined as:
And the perturbative expansion in parameter of the temporal derivative operator
The extra term ω j,l is chosen at second order in 2 to be at the same temporal scale of the diffusive processes, [11] , we have:
Replacing eqs. (5) and (8) in eq. (4), and expanding perturbatively in orders of the parameter. We get at first the next set of equations:
At second order in
And the third order in ,
The moments of the distributions
The moments of the distribution are:
Where φ f l correspond to the microscopic fields of the physical system and δ ij is Kronecker's delta.
The construction of the Ginzburg Landau Equations
One of the purpose of LB method is to produce the GLEqs using the perturbative expansion of LBEq eqs. (10) (11) (12) in conjuntion with the suitable definition of the moment distribution functions eqs. (13-15). Then, here we have the development. Summing on j in eq. (12), we obtain:
Using the fact that we are considering an irrotational fluid. And taking into account that:
j,l = 0 and
Therefore eq. (18) is:
And now summing on j in eq. (11) and multiplying by
And using the relations (13-15) and (19), we have:
Using eq. (16) in eq. (21)
Summing eqs. (19) and (22), and using eq. (8), we obtain:
If we define:
Where (b + 1) is the number of vectors in the vector basis. Also, if we define (φ f 1 , φ f 2 ) → (φ r,c , A rx,cx ), for l = 1, 2 an their real and imaginary components. Then, equations (24) become:
Defining the real and complex sources terms mS r j,l ,c j,l as:
And assuming, ∇ · A = 0 and higher orders in | A| 2 ≈ 0 and A x = A. Then, putting it all together in eqs. (25-26), it can be shown that: 
The distribution function
We use a d1q3, see figure (1), one-dimensional velocity scheme with e α = {0, c, −c}. Then, the one particle equilibrium distribution function is defined as:
He's semi-inverse method, Solitary wave solution According to He's method [10] , it is constructed a trial functional:
We choose the functional as given by the Ginzburg-Landau energy functional [11] , that satisfy eqs. (35-36), in one dimension, as:
The spatiotemporal evolution of φ(x, t) using Lattice-Boltzmann, for two, sech(x), initial pulses. The system size is L = 100.
Using He's method, it is possible to obtain traveling wave solutions given by φ(ξ) = sech and φ(ξ) = tanh functions, and so on. In our case, we have two fields, φ and A, to be determined and we select:
We make stationary J using a 1 , a 2 and b, we have:
Then, calculating eq. (39) and solving these algebraic set of equations eqs.
(41), we obtain a 1 , a 2 and b. Then, the Gibbs free energy functional is:
And, we obtain the next three set of nonlinear equations:
Solving a 1 , a 2 and b in eqs. (43-45). Therefore, we get the first solution family:
The second solution family is:
The third family solution is:
And at last, The fourth family solution is:
Therefore, we have determined four set of solitary wave solutions for equations (40).
Results and conclusions
Figures (2) shows the temporal evolution of two intial sech pulses for the φ field using LB method showing the appearing and reappering process present in solitary wave behaviour, given by He's semi-inverse method eq. (40). Then, this work presents two new solution methods, the lattice-Boltzmann and the He's Semi-inverse method, applied for the solution of the Ginzburg-Landau equations in one dimension, and finding four family solutions. It should emphasize that the fundamental idea in the lattice-Boltzmann method is to define two distribution functions, each one of them, obeys the Lattice-Boltzmann equation and working with the d1q3 velocity scheme. Likewise, Hes Semi-inverse method is employ to solve GLEqs presenting solitary wave behaviour. This solitary wave behavior, like soliton, is confirmed by the Lattice-Boltzmann method, fig. (1) .
